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1. STATEMENT OF RESULTS 
The aim of this note is to give generalizations of some enumeration 
theorems for p-groups obtained by Berkovich [l]. Throughout, p denotes 
a prime, and for any group X, X” denotes the group generated by the p-th 
powers of the elements of X. The lower central series of a group X is denoted 
bY 
x z y&q 3 y&q 2 “‘; 
here 
Y&Y = L-F Xl and Y,(X) = b4-q Xl (i > 2). 
We begin with Berkovich’s Theorem 5.4, which states that if p > 3 and 
G is a nonmetacyclic group of order pm(m > 3), then, for n > 2, the number 
of metacyclic subgroups of order p” is divisible by p. This may be generalized 
as follows. 
THEOREM 1. Suppose that p is a prime and d is an integer for which 
0 < d < p - 1. Suppose that G is a group of order pm(m > d + 1) and that 
(G : GP) > pd. Let n be an integer greater than d. The number of subgroups 
H of G for which / H 1 = pn and (H : HP) < pa is divisible by p. 
Berkovich’s result is the case d = 2 of this theorem, since, for p odd, 
a p-group X is metacyclic if and only if (X : X”) < p2. 
The remaining results of this paper rest upon the following generalization 
of [3, Lemma 1.21. 
THEOREM 2. Let G be a group of order pn5, where m > p + 2. Suppose 
that G is not a p-group of maximal class, but that G possesses a maximal subgroup 
M which is of maximal class. Then GIy2(G) . as e ementary 1 Abelian of order ~3. 
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Further, there is an element t in G but not in yz(G), such that the 1 + p maximal 
subgroups of G containing t are not of maximal class, whereas the remaining p2 
are of maximal class. Further, tP lies in the centre of G. 
This has the following consequence. 
COROLLARY 1. Suppose that G is a p-group, T is a normal subgroup of G 
of index greater than p, G/T is cyclic and T is a p-group of maximal class of 
order at least pP+l. Then G has precisely p2 subgroups of order 1 T 1 and of 
maximal class. 
The following is a special case of Theorem 6 and is an important step 
in the proof of it. 
COROLLARY 2. Suppose that j G j = p P+~, G is not of maximal class and 
G possesses a maximal subgroup M which is of maximal class. If k is the number 
of elements of G qf order p, k = - l( p*). 
In Theorem 2 and its corollaries, G cannot be a p-group of maximal class. 
To fill this gap, we need the following elementary lemma. 
LEMMA 3. Let G be a p-group of order pm and class m - 1. If 
p + 1 < n < m, the number of subgroups of G which are of order pn and class 
n - 1 isp+“. 
This brings us to our generalization of Berkovich’s Theorem 5.1. 
THEOREM 4. Let G be a group qf order pm, where m > p -t 2. Suppose 
that G is not a p-group of maximal class. If p + 1 < n < m, the number of 
subgroups of G which are of order p” and class n - 1 is divisible by p2. 
Berkovich gives two corollaries of his Theorem 5.1. The following general- 
ization of the first one [l, Corollary 5.21 may be regarded as “the case 
d=p-I ” of Theorem 1. 
THEOREM 5. Suppose that G is a p-group of order greater than pp, that G 
is not of maximal class and that (G : GP) > pp-l. Let n be an integer greater 
than p - I. The number of subgroups H of G for which 1 H 1 = pn and 
(H : HP) < pPpl is divisible by p. 
Berkovich’s second corollary [l, Corollary 5.31 asserts that in a group of 
order 2” which is not cyclic and not of maximal class, the number of sub- 
groups of order 290 < n < m) is congruent to 3 modulo 4. (A character- 
theoretic proof of this in the case n = 1 was given by Thompson.) In 
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generalizing this to all p, we confine ourselves to subgroups of order p. For 
regular p-groups G, the number of subgroups of order P is a function only 
of (G : Gp). For if (G : GP) = pw, the elements of G of order at most p 
form a subgroup E of order pw, and the number of subgroups of G of order p 
is 1 + p + ... + P-l. For the irregular p-group G, Hall [5, Theorem 2.41 
has proved that the number of elements of order p in G is upp-l ~ 1 for 
some integer a, and the number of subgroups of order p is congruent to 
1+p+ ... + p~-~ modulo P-l. We improve this to the following, which 
reduces to Berkovich’s result for p = 2. 
THEOREM 6. Suppose that G is a p-group which is not regular and is not 
of maximal class. If k is the number of subgroups of G of order p, 
k z 1 + P + ... + P”-‘( P”). 
2. PROOF OF THEOREM 1 
This is proved by induction on m. If m = d + 2, we suppose that 
71 = d + 1 and that G has a subgroup H of order p”+l such that 
(H : HP) < pd. Thus H, and hence also G, is not of exponent p. Since 
(G : GP) > pd, it follows that (G : GP) = pd+l. Since m = d + 2 < p, G 
is a regular p-group; thus the elements of G of order at most p form a normal 
subgroup E of order p d+l. Hence any maximal subgroup M of G other than 
E has the property that (M : MD) < Pd. The number of such subgroups M 
is divisible by p, since the number of subgroups of a p-group of given order 
is congruent to 1 modulo p. Thus Theorem 1 holds for m = d + 2. 
Suppose m > d + 2. For any subgroup X of G, denote by n(X) the 
number of subgroups H of X for which / H j = p” and (H : HP) < pd. 
By Hall’s enumeration formula [4, Theorem 1.41, 
n(G) = c n(M) (P>> 
where the summation on the right-hand side is taken over all maximal 
subgroups M of G. But by the inductive hypothesis, n(M) = 0 (p) if 
(M: Mp) >Pd. Thus 
n(G) = C n(M) (~1, 
MdJl 
where W is the set of maximal subgroups M for which (M : MP) < pd. 
Since d < p - 1, every element of )1J1 is regular [5, Theorem 2.31. Thus 
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if ME (9N and H < M, (H : HP) < pd. Hence n(M) is the total number of 
subgroups of M of order pn, and so n(M) - 1 ( p). Thus 
n(G) = j’YJ1 (p), 
and it suffices to prove that 1 !DI 1 = 0 (p). 
This is clear if %R is empty, so we suppose there exists a maximal subgroup 
M for which (M : Mx’) < pd. Since $1” < G” and (G : GP) > pd, it follows 
that il[P = Gp is of indexpdrl in G. Thus cY.lI is the set of subgroups H of G 
for which (G : H) = p and HP =: GP. Let 9JI, be the complementary set of 
maximal subgroups of G. Since 1 9.R u 9X1 i ~1 1 (p), it is to be proved that 
I% = 1 (P). 
Let % be the set of normal subgroups N of G for which N < GP and 
(Gp : N) - p. Since the maximal subgroups of GP which are not normal 
in G fall into conjugacy classes in which the number of elements is divisible 
by p, 1 % j = 1 (p). I f  NE %, (G : N) = pd+2 < pp, so G/N is regular. 
The elements of G/N of order at most p thus form a subgroup K/N, where 
K E ‘331, . Thus / ‘8 j is the number of pairs (K, N), where K E !JJ& , NE %, 
and Kp < N. Counting this the other way, we see that 
where f(K) is the number of elements N of % for which N > Kp. But 
since Kp is normal in G, it is clear that f(K) E 1 (p). Thus / % / = 
] !IJ& / (p), as required. 
3. PROOF OF THEOREM 2 AND ITS COROLLARIES 
To prove Theorem 2, let Mi = y,(M) (; = 2, 3,..., m - 1). Except in 
the case p = 2, m = 4, let Ml/M4 be the centralizer in M/M4 of Mz/M4 ; 
thus Ml is normal in G. By [2, Th eorems 2.11 and 3.81, Ml/M, is the 
centralizer in M/Mi of Mip2/Mi for i = 4,..., m - 2. The centralizer of 
M m-3 may be distinct from Ml (in the case m = p + 2), but there certainly 
exists an element s of M which lies neither in Ml nor in the centralizer of 
M w-3 * In the casep = 2, m = 4, denote by Ml any subgroup of M of order 
4 which is normal in G, and denote by s an element of M which does not lie 
in M, . 
In either case, M is generated by s and Ml , and s does not centralize 
Ml/MS. Let C/MS be the centralizer in G/Ms of MJL!I~. Since s does not 
lie in C, C is not equal to G. Since &Ii/A!& is a normal subgroup of G/n/r, of 
order pa, (G : C) = p. Let u be an element of C which does not lie in M. 
Then G = (M, u>. 
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Since (G : MJ = p2, [s, U] E Mi . I f  [s, U] does not belong to Ma , then 
Ml = (Mz, E, 4) an d so Ml = r2(G). It follows at once by induction that 
yi(G) = AR-,(2 < i < m), for if 2 < i < m, 
Hence G is of maximal class, contrary to the hypothesis of the theorem. 
Thus [s, U] E M, . Since G = (u, M) = (u, s, NI,) and J4ijMZ is a central 
factor of G/M2 , it follows that r&G) = M2 . 
Now the centralizer S of s in M is (s, niil,,+,>, since s centralizes none of the 
factors Ml/MS ,..., Mm-, . Thus sp E M,-, and / S 1 = p2. Thus s has pm-3 
conjugates in M. All these conjugates lie in the coset sMz and j sM, 1 = pme3. 
Hence every element of sM2 is conjugate to s in M. It follows that 
s[s, U] = u-k is conjugate to s in M. Since M = (s, Ml), there exists 
v  E Ml such that U-%U = ~-%a;‘. Let t = UW-~. Thus [t, s] = 1, G = (M, t) 
and t E C. Hence tP E S n C = M,,-, . Thus t* lies in the centre of M and, 
since G = (t, s, MJ, G/y,(G) is elementary Abelian of order p3. 
Suppose that Ml = (Me , r). Then M = (r, s, M,) = (Y, s). Since 
r E Ml and t E C, [Y, t] E Mz . Since also [s, t] = 1, t centralizes M/M, . 
We prove by induction on i that t centralizes MJMi+,(i = l,..., m - 3). 
For i == 1, this is already done. For i > 1, we have [(t), MSmlJ < Mi+, by 
the inductive hypothesis. Hence 
But also 
L(t)> Mi-1, Ml < J-G,, . 
Hence by Hall’s Three Subgroup Theorem, 
as asserted. 
Now G = (M, t) = (Y, s, t). From above, M2 is the Frattini subgroup 
of G. Hence G has 1 + p maximal subgroups containing t and p2 others, 
which are of the form (tfs, tnr, M2). We must show that the 1 + p which 
contain t are not of maximal class, whereas the remainder are. 
If  N is a maximal subgroup of G containing t, N = (t, soro, M,). Since 
[t, r] E M3 , [t, s] = 1 and M2/M3 is a central factor of G, N/M3 is Abelian. 
But (N : n/r,) = p3, so N is not of maximal class. 
Let P = (tfs, tnr, M2). Then y&P) contains 
[t’s, Pr] = [t%, r] = [s, Y]X, 
where x E M3 . But M = (s, r); since M2 is the derived group of M, [s, r] 
does not lie in M3 . Hence y2(P) is not contained in MS . But clearly y,(P) 
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is contained in M and is normal in G; thus ys(P) is a normal subgroup of M 
of index at least p2. Thus ys(P) = Mi for some i > 2 [2, Lemma 2.21. 
Since y,(P) is not contained in Ivr, , ys(P) = M, . Now for i > 2, 
[Mipl , (tcs)] is not contained in J%Z~,~ , since t centralizes M_,/Mi+l but s 
does not. Hence [Mi-, , P] is not contained in Mi+, . But [&E-i , P] is a 
normal subgroup of G and of M, so [Mipl , P] = Mi by [2, Lemma 2.21. 
It follows immediately by induction that y,(P) =x Mi (i = 2,..., m - l), 
and so P is a p-group of maximal class. Theorem 2 is proved. 
To prove Corollary 1, let X/T be the subgroup of G/T of order p. If  U is 
a subgroup of order / T 1 and of maximal class, we observe that since a cyclic 
factor group of ap-group of maximal class is of order at most p, j UT/T j < p. 
Hence U ,( X. The result then follows immediately from Theorem 2 if 
we prove that X is not of maximal class. Suppose then that X is of maximal 
class. Then the derived subgroup yp(X) of X is a subgroup of T of index p. 
Thus T/y,(X) is a central factor of G. Since G/T is cyclic, G/r2(X) is 
Abelian. Hence r2(G) = y2(X). But suppose Y is a normal subgroup of 
G for which (y2(X) : Y) = p. If  T = (y2(X), a), and G = (T, 6), then 
X < (T, bp) since (G : T) > p. Thus X < (y2(X), a, bn) = (a, bpj. But 
[a, bp] = [a, 619 zz I modulo Y, 
so ya(X) < Y, a contradiction, 
To prove Corollary 2, observe that G/y,(G) is elementary Abelian of order 
ps, by Theorem 2. Also G = (M, t} for an element t such that t* lies in the 
centre Z of M and any maximal subgroup of G containing t is not of maximal 
class. Suppose that Z = (z) and that t* = xv. If  x E G, t and x lie in a 
maximal subgroup X of G. Since X is of order p*+l but is not of maximal 
class, X is regular. Since r2(G) is of exponent p [2, Theorem 3.21, it follows 
that (tix)p = tipx*. Again (tix, r2(G)) is of order at most pp, so all the 
elements of the coset tixr2(G) have the same p-th power. Of course all p-th 
powers lie in Z, since G/Z is regular, t” E Z, and Mp < Z [4, Theorem 4.261. 
Suppose that the p + 1 maximal subgroups of M are ( yi , r2(G)) 
(; = l,...,p + 1). Then the p3 - I cosets of ya(G), other than Y%(G) itself, 
are 
t WrzdG) (O~~<P,l~~jp+fl,l~~,<p--), 
and 
t%(G) (0 < i < p). 
Let k be the number of these cosets which consist of elements of order p. 
We prove that k = -1 (p). Th’ is is so if tp = 1, because the cosets 
consisting of elements of order p are the tir2(G) and those tiyjhr2(G) for 
NOTE ON A PAPER OFBERKOVICH 329 
which yjp = 1. And if tP # 1, then for each j and h, there is precisely one 
value of i for which tZyjh is of order p; thus k = p2 - 1. In either case, then, 
we may write k = pl - 1. The number of elements of G of order p is 
kpP-1 + pp-1 - 1 = IpP - 1. 
4. PROOF OF LEMMA 3 AND THEOREM 4 
Lemma 3 is trivial for m = n. Suppose that m > n; then m > p + 1. 
Let Gi = y,(G) (i = 2,..., m), and let G,/G, be the centralizer in G/G, of 
G/G,. 
Suppose that s is an element of G which does not lie in G, , and that sk 
is an element of G, which does not lie in G,,, (1 < k < m - 2). By 
[2, Theorem 3.81, s does not centralize any of the factors Gi/Ga , 
GIG, >..-, G,-, . Hence if 
s k+l = [sk , s], sk+2 = [sk+l ) s]~...~ %-I = h-2 7 Sly 
then si lies in Gi but not in G,+i (i = k,..., m - 1). Thus (s, sic) = (s, Gk) 
is of order pm-k+1 a n d 1 c ass m - R. In particular (s, G,-,+J is of order pn 
and class 1z - 1. There are pm - pm-l choices for s, but (s, Gm++r) contains 
pn - pn-l elements not in G, . Hence we obtain pmen subgroups of order 
pa and class n - 1 in this way. It remains to show that these are all the 
subgroups of G of order pn and class n - 1. But suppose that H is such a 
subgroup. By [2, Theorem 3.21, (H : HP) > pp since n > p + 1. But by 
[2, Theorem 3.41, G, is a regular p-group with p - 1 invariants, so that 
(X : Xp) ,< pp-l for every X < G, . Hence H is not contained in G, . 
Hence (H : HI) = p, where HI = H n G, . Suppose that k is the greatest 
integer such that HI < G, . Then there is an element sk of HI which does 
not lie in G,,, . Ifs is an element of H which does not lie in G, , then from 
above (s, sk) = (s, Gk) is of orderp m-k+l. Since H 3 (s, sk), n 3 m - k + 1, 
and since HI < G, , n - 1 < m - k. Thus k = m - n + 1 and 
H = (s, G,). 
Theorem 4 is proved by induction on m - n. I f  m - 12 = 1, the assertion 
follows from Theorem 2. Suppose m - n > 1. Let r, be the set of maximal 
subgroups of G and let r2 be the set of normal subgroups N of G for which 
G/N is elementary Abelian of order ~2. For any subgroup X of G, denote by 
n(X) the number of subgroups of X which are of order p” and class 1z - 1. 
Then by Hall’s enumeration formula, 
n(G) = c 4w - P 1 n(L) (P”). 
MErl LWZ 
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By the inductive hypothesis, either n(M) = 0 ( p”) or M is of maximal class. 
If  there exist maximal subgroups which are of maximal class, then by 
Theorem 2 there are pz of them, and by Lemma 3 they all have P+--~L 
subgroups of order p” and class n - 1. Hence in any case 
1 n(M) = 0 (p”). 
MCI 
Thus 
n(G) = --p 2 n(L) = 0 (p"). 
LC, 
First1 suppose that n = m - 2. By Theorem 2, Corollary 1, we may 
suppose that G has no normal subgroup T such that T is of maximal class 
and G/T is cyclic of order p2. From above, n(G) = 0 ( p). But the number 
of nonnormal subgroups of order p” and maximal class is obviously divisible 
by p. Hence so is the number of normal ones. On account of our supposition, 
all the normal ones lie in r2 . Thus r, contains pr elements L for which 
n(L) = 1, for some integer Y. Since n(L) = 0 for any other element L of r2 , 
the above congruence yields n(G) = --p2y = 0 (p”). 
I f  n < m - 2, it is clear from the inductive hypothesis and Lemma 3 
that n(L) = 0 ( p) for all L E 1; , so the above congruence yields the required 
result at once. 
5. PROOF OF THEOREM 5 
Theorem 5 will be proved by induction on / G ;. I f  1 G 1 = pp+l, then G 
is regular since G is not of maximal class. The elements of G of order at 
most p thus form a subgroup E of order (G : Gr’). Hence 1 E / -: pg-+l or pp. 
If  1 E / = pp+r, G is of exponent p and G has no subgroup H for which 
1 H 1 = prl and (H : Hg) < pp-l, since n 3 p. If  1 E 1 = pP and H is a 
maximal subgroup of G distinct from E, then H is not contained in E, so 
Hz1 # 1 and (H : HP) < pPpl. The result is clear since the number of such 
maximal subgroups H is divisible by p. 
In the case when 1 G 1 = p~‘~~, 11 = p, and G has a maximal subgroup 
which is of maximal class, we proceed as follows. By Theorem 2, Corollary 2, 
G has kpp - 1 elements of order p, for some integer k; also G/y*(G) is 
elementary Abelian of order p3 by Theorem 2, and y,(G) is of exponent p. 
1 The proof of this theorem follows Berkovich’s proof closely, but there appears 
to be nothing in his proof to cover this case. Unfortunately, I have access only to the 
English translation of Berkovich’s paper, and this is full of errors and inaccuracies. 
It may therefore be that the gap is due to the translator rather than to the author. 
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Let &!’ be the set of normal subgroups H of G for which 1 H j = p2 = pp 
and (H : HP) > pp-l. Thus if HE 2, H is of exponent p and contains 
pP - ~5P-l elements of order p outside ya(G). Conversely, if x is an element 
of order p outside y&G), (x, ya(G)) E A“. Hence 
j 2 I = kpp - ,P-l/p” - y-1. 
Thus / 2 1 = 1 (p). Hence if ~9’ is the set of all subgroups H of G for 
which 1 H j = pn and (H : HP) > pp-l, then j Z” 1 = 1 (p) also, since the 
nonnormal ones fall into conjugacy classes in which the number of elements 
is divisible by p. It follows that n(G) = 0 ( p), since the total number of 
subgroups of G of order pn is congruent to 1, modulo p. 
In all the remaining cases, we use Hall’s enumeration formula. For any 
subgroup X of G, let n(X) d enote the number of subgroups H of X for 
which 1 H 1 = pn and (H : HP) < pp-l. The formula gives 
n(G) = 2 n(M) (P), 
where M runs through the set of all maximal subgroups of G. Let A, be the 
set of those maximal subgroups M for which ICI is not of maximal class and 
(M : MT) > pp-l. Let da be the set of those maximal subgroups which are 
of maximal class and let d, be the set of maximal subgroups M for which 
(M : MT) < pp-l. By [2, Theorem 3.21, the sets A,, A,, A, are disjoint, so 
where 
L?q = c n(M). 
MEA< 
By the inductive hypothesis, n(M) = 0 (p) if 111 E A, ; thus Zi = 0 (p). 
We shall prove that Za = Za = 0 (p). 
I f  da is empty, &, 1 0. Suppose that A, is not empty. (Thus, the case 
when 1 G 1 = pPt2 and n = p is excluded, since it has been treated above.) 
If  1 G 1 = p”+i, it is trivial that Za = 0, since n(M) = 0 for ME 5, . It 
remains to deal with the case when I G I > pP@ and j G j > pn+l. We show 
in this case that n(M) = 1 ( p) f  or all ME A, ; this implies that Za = 0 ( p), 
since 1 A, [ = p2 by Theorem 2. Let Mi/y,(M) be the centralizer of 
y2(M)/y4(M) in M/y,(M). By [2, Theorem 3.81, no element of M outside Ml 
centralizes any of the y,(M)/y,+,(M) for which Y~+~(M) # 1; thus for any 
maximal subgroup H of M other than Ml , H is of maximal class and so 
(H : HP) > pp. Hence if 1 G 1 = P~+~, n(M) =: 1. I f  / G / > pn+2, no 
subgroup of M which does not lie in Ml can be normal in M [2, Lemma 2.21. 
Hence n(M) = n(MJ (p). But Ml is a regular p-group and (Ml : M,P) = pP 
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[2, Theorem 3.41; thus (H : HP) < pp-i for every subgroup H of Mi . 
Thus n(M,) is the total number of subgroups of AR1 of order p”. Hence 
n(M) = n(MJ = 1 (p). Thus Zz = 0 (p) in all cases. 
TO prove that Za E 0 ( p), observe that if HE A, , then H is regular and 
SO n(H) = 1 (p). Hence Za =r 1 A, / (p), so we wish to show that 1 A, 1 = 0 
(p). We suppose that da is nonempty and that K is a maximal subgroup of G 
for which (K : KP) < pn-1. Since KP < Gp and (G : GD) 3 pp, it follows 
that GP = Kn and (G : GP) = pp. Now by [3, Theorem 1.11, G possesses 
a normal subgroup N of order pp and exponent p. I f  E is the set of elements 
of order at most p in the centre of G, NE is also normal and of exponent p; 
thus we may suppose that either N > E or N < E. Since K is regular and 
(K : KP) < pp-l, K has fewer than pp-l elements of order p; hence N is not 
contained in K. Thus G = KN. 
I f  M is a maximal subgroup of G containing N, (111: MD) 3 pp, so M is 
not in A,. Since the number of such maximal subgroups and the total 
number of maximal subgroups of G are both congruent to I, modulo p, it 
suffices to prove that if L is a maximal subgroup of G not containing N, then 
L E A, . To do this, we prove that Lp = Gp. This is clear if G = LE, so we 
may suppose that E < L. Since N is not contained in L, N is not contained 
in E; hence N > E and E < N n L. Let X be any normal subgroup of G 
of order p. I f  x is any element of G, and if H is the group generated by x 
and N, y,(H) < NnL. Since 1 NnLI =pp-r and X< E < NnL, 
y,(H) < X. Thus H/X is regular. But since G = LN, there exist a EL and 
b E N such that x = ab; since b E H, a E H. It follows that xP = a% for 
some u E X, since 6” = 1. Hence Gp < XLP. Hence p 1 L” 1 > 1 XLD 1 > 
I GpI. Since / G 1 > p~+~ and (G : GP) = pp, Lfl # 1. Thus there exists 
a normal subgroup X of G of order p with X ,< LP, and the above yields 
Ln = GP, as required. 
6. PROOFOFTHEOREM 6 
For any subgroup X of G, denote by n(X) the number of elements 
of X of order p. The assertion of the theorem is obviously equivalent to 
n(G) E -1 (p”). 
Since G is neither regular nor of maximal class, G possesses a normal 
subgroup N of order pi and exponent p [3, Theorem 1.11. We suppose first 
that no normal subgroup X of G for which X 3 N and (X : N) = p is 
of maximal class. Then such a subgroup X is regular, for I X 1 = pp+‘. 
Since N is of exponent p, it follows that all the elements of X not in N are 
of the same order. Thus n(X) z n(N) (p”). I f  Y is a nonnormal subgroup 
of G for which Y > N and (Y : N) = p, then by [5, Theorem 2.41, _- 
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n(Y) = n(N) + &p-l for some integer k which depends on Y. But the 
conjugates of Y in G form a class g for which 1 g 1 is divisible by p; thus 
Hence 
where the summation is taken over all subgroups X for which X 3 N and 
(X : N) = p. Since any element of G of order p which does not lie in N is 
contained in precisely one of these subgroups X, 
n(G) = n(N) + 1 (n(X) - n(N)) = n(N) = PP - 1 (p”). 
Now suppose that G does have a normal subgroup H such that H 3 N, 
(H : N) = p, and H is of maximal class. As above, 
n(G) = n(H) + c (n(T) - n(H)), 
where T runs through the set of subgroups of G for which T 3 H and 
(T: H) =p. Th e number of such subgroups T is, of course, of the form 
1 -1 lp for some integer I; thus 
n(G) = c n(T) - Z@(H). 
None of the subgroups T is of maximal class, for a p-group of maximal class 
of order pP+2 cannot have a normal subgroup of order pp and exponent p. 
Hence n(T) = --I ( pp) by Theorem 2, Corollary 2, and 
n(G) = -(l + Zp) - &n(H) (p”). 
But again n(H) = - 1 (pp-‘), by [5, Theorem 2.41; so 
n(G) = -1 (p”). 
Theorem 6 is therefore proved. 
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